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Abstract—A possible scenario for the luminosity upgrade of 
the Large Hadron Collider is based on large aperture 
quadrupoles to lower β* in the interaction regions. Here we 
analyze the measurements relative to the field quality of the 
RHIC and LHC superconducting quadrupoles to find out the 
dependence of field errors on the size of the magnet aperture. 
Data are interpreted in the framework of a MonteCarlo analysis 
giving the reproducibility in the coil positioning reached in each 
production. We show that this precision is likely to be 
independent of the magnet aperture. Using this result, we can 
carry out an estimate of the impact of the field quality in large 
aperture quadrupoles on the beam dynamics for the collision 
optics. 
 
Index Terms—superconducting accelerator magnets, field 
quality, quadrupole magnets, beams dynamics? 
I. INTRODUCTION 
HE low-β insertion in the interaction region of the Large 
Hadron Collider (LHC) consists of a triplet of 
superconducting quadrupoles [1-3] to focus the beam in the 
interaction point (IP). In the present baseline, the quadrupole 
aperture allows reaching a β* value of 0.55 m in the IP. In 
these quadrupoles, the β functions reach 4400 m, 
corresponding to a beam size radius at 10 σ of ∼15 mm, and 
requiring a quadrupole aperture of 70 mm [1]. 
 Studies about how to improve the LHC luminosity have 
been started since 2002 [4-8]; a possible way is to decrease β* 
in the IP to values of 0.25 m or even less, thus requiring larger 
apertures in the triplet. For instance, 90 mm aperture Nb3Sn 
magnets are being built in the framework of the LHC 
Accelerator Research Program [9]. Recent studies [10-13] 
focused on lay-outs with even larger apertures (up to 200 
mm). A large aperture is used not only for allowing a larger β 
function in the triplet, giving a smaller β* in the IP, but it can 
be used to have an additional shielding to prevent power 
deposition in the magnet coils. Moreover, a larger aperture 
allows increasing the collimator gap for a given collimator 
efficiency, thus reducing the impedance that is one of the 
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limits to reaching the nominal intensity in the LHC [14]. 
The natural questions that arise are if the geometric 
aberrations in these large aperture quadrupoles are likely to 
become critical, and if they can be corrected. In this paper we 
use the data relative to the productions of the LHC and of the 
Relativistic Heavy Ion Collider [15] (RHIC) magnets to work 
out the dependence of the field errors on the magnet aperture, 
following the approaches outlined in [16-20]. We then 
estimate how the obtained scaling for the field errors affects 
typical parameters of the beam dynamics in collision optics, 
where the motion is dominated by the field imperfections of 
the low-β quadrupoles. 
 In Section II we present the field quality obtained in seven 
productions of superconducting quadrupoles, and we associate 
to these data a precision in positioning the coil blocks using a 
Monte-Carlo method. In Section III, we propose a scaling law 
for the field errors on the magnet aperture, and a numerical 
check is carried out on realistic coil lay-outs with apertures 
ranging from 50 mm to 200 mm. In Section IV the impact on 
the beam dynamics is evaluated. Conclusions are given in 
Section V. 
II. FIELD QUALITY IN RHIC AND LHC QUADRUPOLES 
We analyze the data relative to 7 types of Nb-Ti 
quadrupoles that have been built for the RHIC and for the 
LHC projects. Apertures (defined as bore diameter), 
operational gradients and peak fields, temperatures, and 
magnetic lengths are listed in Table I. 
  
TABLE I 
FEATURES OF SUPERCONDUCTING QUADRUPOLES IN RHIC AND LHC. 
Number Aperture Layers G op. Peak field op. T Length
(mm) (T/m) (T) (K) (m)
RHIC MQ 420 80 1 71 3.4 4.2 1.11
RHIC Q1 24 130 1 48 3.8 4.2 1.44
RHIC Q2 24 130 1 48 3.8 4.2 3.40
RHIC Q3 24 130 1 48 3.8 4.2 2.10
LHC MQ 392 56 2 223 6.8 1.9 3.10
LHC MQM 86 56 2 200 / 160 6.3 / 5.0 1.9/4.2 2.4/3.4/4.8
LHC MQY 24 70 4 160 6.1 4.2 3.40
LHC MQXA 16 70 4 215 8.4 1.9 6.37
LHC MQXB 16 70 2 215 8.2 1.9 5.50
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where b2=104 by definition, B2 is the main component in  T, 
and Rref is a reference radius, usually set as one third of the 
aperture diameter, to have dimensionless multipoles (bn,an). 
Since the multipoles are also normalized by an additional 
factor 10-4, they are said to be expressed in units, where 1 unit 
is 10-4 (e.g. 0.01%, or 100 ppm) times the main component. 
The measured standard deviations of (bn,an) are listed in Table 
II. To ease the comparison, multipoles have been all 
normalized to a reference radius equal to 1/3 of the aperture 
diameter. The RHIC quadrupoles Q1-Q3 have the same cross-
section, but different lengths (see Table I), and therefore are 
expected to have similar standard deviation of measured 
multipoles, as observed. The same holds for the LHC MQM, 
MQMC and MQML. 
 
TABLE II 
STANDARD DEVIATION OF MEASURED MULTIPOLES IN RHIC AND LHC 
QUADRUPOLES, REFERENCE RADIUS TAKEN AS 2/3 OF APERTURE. 
Ap (mm) T (K) Measured b3 b4 b5 b6 a3 a4 a5 a6
RHIC MQ 80 300 380 1.69 1.02 0.54 0.48 1.75 1.02 0.53 0.33
RHIC MQ 80 4.2 91 1.86 1.50 1.74 0.70 1.77 0.97 1.55 0.35
RHIC Q1 130 4.2 26 0.52 0.56 0.34 0.88 0.66 0.32 0.40 0.18
RHIC Q2 130 4.2 27 0.50 0.24 0.30 0.57 0.60 0.28 0.39 0.40
RHIC Q3 130 4.2 13 0.86 0.65 0.32 0.19 0.69 0.42 0.21 0.10
LHC MQ 56 300 402 1.81 0.42 0.70 1.36 2.22 2.29 0.73 0.48
LHC MQ 56 1.9 39 1.65 0.38 0.61 1.82 2.05 1.80 0.71 0.45
LHC MQM 56 300 46 1.83 0.97 0.65 1.01 2.07 1.13 0.57 0.35
LHC MQMC 56 300 14 1.39 0.58 0.63 1.09 1.63 1.14 0.63 0.40
LHC MQML 56 300 38 1.64 0.57 0.64 0.88 1.63 0.99 0.42 0.29
LHC MQY 70 4.2 11 1.39 0.49 0.39 0.58 1.28 0.80 0.57 0.24
LHC MQXA 70 1.9 19 0.60 0.28 0.13 0.42 0.75 0.70 0.15 0.11
LHC MQXB 70 1.9 8 0.73 0.24 0.42 1.03 1.08 0.92 0.33 0.70
 
For large productions (more than 100 magnets, i.e., RHIC MQ 
and LHC MQ) we give both the room temperature 
measurements, carried out on all the magnets, and the 1.9/4.2 
K measurements in collision, carried out on a limited sample 
(25% for RHIC, 10% for LHC). This allows on the one hand 
to cross-check the data, and on the other hand to verify if the 
geometric component measured at room temperature is 
dominant over the other effects present at collision energy, 
namely the warm-cold correlation, the iron saturation and 
electromagnetic force deformations. Data of Table II show 
that the r.m.s. multipoles measured at room temperature and in 
operational conditions are rather similar, especially in the 
LHC case. For the other magnets, we present measurements at 
1.9/4.2 K, with the exception of the LHC MQM-type series, 
where room temperature measurements are given.  
The data confirm that the spread of the multipoles is mainly 
due to the geometric components, i.e. to the reproducibility in 
the cable positioning in the magnet aperture. Please note that 
this reproducibility is not related to the absolute precision in 
positioning the coil with respect to the design: we always 
assume that after a few iterations in the coil design one 
manages to obtain the target values for the field harmonics.  
 
Using the approach outlined in [19], we postprocessed the 
spread of the measured multipoles to evaluate the standard 
deviation of the reproducibility in the positioning of the coil 
blocks. For each coil lay-out we carry out a simulation where 
each cable block is randomly moved with an r.m.s. amplitude 
of ds=0.1 mm, and the corresponding spread in the multipoles 
σsbn, σsan are calculated. The multipole spread is linear in ds 
over the range of interest (0.01 to 0.10 mm). We define the 
discrepancy between the simulated values with an r.m.s. 

















































Minimizing the discrepancy with respect to d, we obtain the 
standard deviation d0 of the reproducibility of coil positioning 
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ε .            (4) 
Data given in Table II have been analyzed using this 
approach, and the reproducibility d0 with the average relative 
























Fig. 1: Measured r.m.s. of multipole in LHC MQXA at 1.9 K (markers), and 
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Fig. 2: Reproducibility of coil positioning versus aperture derived from 
magnetic measurements of 7 types of superconducting quadrupoles. 
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One finds out that d0 ranges from 0.010 to 0.030 mm, without 
a clear dependence on the aperture: quadrupoles for 56 mm 
have a positioning of 0.020 mm (LHC MQM types) to 0.030 
mm (LHC MQ types). 70 mm aperture quadrupoles have a 
better d0∼0.010 to 0.025 mm, RHIC 80 mm and 130 mm 
apertures have d0∼0.015 mm. One could argue that the large 
reproducibility for the LHC MQ (0.030 mm) is due to the 
presence of five different cable manufacturers. However, 
splitting the data according to the cable manufacturer does not 
reduce the observed tolerance. 
The average error associated to this analysis is always rather 
large, i.e. 20% to 60%. Nevertheless, one can draw the 
following guidelines: 
• The best hypothesis that can be done is that the 
reproducibility of coil positioning is independent of the 
aperture, ∼0.015-0.020 mm, with an indeterminacy of 
about ±40%. 
• The hypothesis that d0 would linearly scale with the 
aperture should therefore be rejected. 
• No dependence is found on the peak field (see Fig. 3), 
thus excluding that Lorentz forces play a relevant role in 
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Fig. 3: Reproducibility of coil positioning versus peak field derived from 
magnetic measurements of 6 types of superconducting quadrupoles. 
III. A SCALING LAW FOR FIELD ERRORS 
Let us consider a quadrupole of aperture φ, coil thickness w, 
characterized by a set of random field components σ 
generated by a random movement of coil blocks with r.m.s. d. 
We set the reference radius Rref as 1/3 of the aperture 
diameter. The multipoles defined in (1) are invariant under a 
rescaling of the coordinates and of the reference radius. 
Therefore, if we increase the aperture by a factor α, and 
consequently multiply the coil width, the reference radius, and 
the block movement by the same factor (see Fig. 4), the 
random field components would be invariant: 
),,;,(),,;,( refnnrefnn RdabRdab φσαααφσ = .    (5) 
However, the analysis of the data carried out in the previous 
section shows that the reproducibility in coil positioning is 
likely to be independent of the coil aperture; therefore one has 
),,;,(1),,;,( refnnrefnn RdabRdab φσαααφσ =     (6) 
 
i.e., the multipole spread scales with the inverse of the 
aperture radius. 
This simple scaling is strictly valid for quadrupoles of 
identical cross-sections (see Fig. 4), apart from a scale 
parameter. In practice, increasing the quadrupole aperture has 
a significant impact on the cross-section. To verify that the 
scaling (6) remains true, we designed four realistic 
quadrupoles with apertures ranging from 25 to 100 mm, and 
studied the random harmonics for a given d with the 
MonteCarlo method. In each case, the same cable of 15.1 mm 
width used for the main LHC quadrupole has been chosen, 
and the number of turns has been selected to provide 95% of 
the maximum critical gradient according to the scaling law 
presented in [21]. For each lay-out we provide (see Table III) 
the total coil area A, and the equivalent width of the coil, i.e. 




























Fig. 4: Rescaling of a coil lay-out and of a block displacement by α=2, leading 
to same multipolar errors. 
 
Field quality has been optimized to set b6 and b10 to zero 
within a fraction of unit, the inner layer being composed by 
two blocks, based on the lay-out of a 36° sector coil with a 
wedge between 24° and 30° (see Figs. 5-8). For the large 
aperture cases, the outer blocks have little impact on b10, and 
therefore a single block has been used. In all cases, a design 
without grading has been chosen. The quadrupole parameters, 
assuming a typical Nb-Ti cable at 1.9 K with a filling factor of 
0.25, are given in Table III. In the last column, the r.m.s. of b3 
and b4 are estimated for a random movement of coil blocks of 
r.m.s. d=0.015 mm.  
TABLE III 
FEATURES OF FOUR COIL LAY-OUTS, AND EXPECTED B3 AND B4 R.M.S. BASED 
ON A MONTE-CARLO WITH RANDOM MOVEMENTS OF   0.015 MM 
Aperture Coil surface Eq. width Gradient Rref σ(b3) σ(b4)
(mm) (mm2) (mm) (T/m) (mm) (units) (units)
50 4387 30.7 314 16.7 0.97 0.61
100 12952 46.1 184 33.3 0.47 0.30
150 26321 61.4 131 50.0 0.28 0.18




Fig. 5: Coil lay-out of a quadrupole with 50 mm aperture. 
 
 
Fig. 6: Coil lay-out of a quadrupole with 100 mm aperture. 
 
 
Fig. 7: Coil lay-out of a quadrupole with 150 mm aperture. 
 
 


































Fig. 9: Multipole r.m.s. obtained with 0.015 random movement versus inverse 
of the aperture 
 
The multipole spread is proportional to the inverse of the 
aperture within 10%; a similar behavior is found for the other 
multipoles (see Fig. 9). These simulations confirm that the 
scaling law proposed in (6) is valid for realistic coil lay-outs, 
in the hypothesis that the reproducibility of coil positioning is 
independent of the aperture. 
IV. IMPACT ON BEAM DYNAMICS 
We showed that large aperture quadrupoles are expected to 
have a better field quality; in this section we study the effect 
of this improvement on the beam dynamics in the collision 
optics, where, due to the high value of the β−functions, the 
contribution of low-β quadrupoles is dominant.  
A. Detuning due to octupoles 
We first consider the 1st order amplitude-dependent 
tuneshift induced by the octupolar term b4 of an IR 
quadrupole, which is proportional to 
dsKQ ∫∝Δ 23β ,                               (8) 
where the normalized field derivative K3 depends on the 



























≡            (9) 
and G=B2/Rref is the nominal field gradient in T/m. If we 
increase the aperture by a factor α 
αφφφ =→ ,                                 (10) 
and the reference radius  
refrefref RRR α=→ ,                           (11) 
according to the results of the previous section, the multipoles 




bbb =→ .                                    (12) 
The aperture φ required in a low-β quadrupole is given by 
βφ BA += ;                                    (13) 
where β is the maximum beta function in the quadrupole, and 
A and B are constants, namely A is related to mechanical 
tolerances, closed orbit, and shielding, and B to the 
normalized emittance. The nominal LHC case, with the two 
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beams within the beam pipe, is shown in Fig. 10. We now 
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Fig. 10: Beam location in the IR quadrupole at βmax, nominal values (β∗=55 
cm). 
Scenario 1: we assume that a larger aperture of the low-β 












































A .  (15) 
For instance in the nominal lay-out of the LHC, one has φ=70 
mm and A=22 mm, thus giving η=1.2 for doubling the 
aperture α=2 (see Fig. 11). As a first order approximation, one 
can consider the integrated gradient as a constant,  
dsGdsG ∫∫ →                              (16) 
and therefore the integrated multipole scales with (see Eqs. 9, 
11 and 12) 
dsKdsK ∫∫ −→ 333 α                         (17) 
and 
QQQ Δ=Δ→Δ αη 4 .                         (18) 
In the case α=2 (doubling the aperture of the triplet from 70 
mm to 140 mm), one obtains an increase of the detuning with 
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Fig. 11: Beam location in the IR quadrupole at βmax, doubling the quadrupole 
aperture and having a β∗=10 cm. 
 
Scenario 2: we assume that the low-β quadrupole aperture 
is increased to have an additional beam clearance, either for 
shielding or collimation (i.e., increasing A in Eq. 13, see Fig. 
12) but keeping the same beam size  
βββ =→                                (19) 
and therefore the scaling is 
QQQ Δ=Δ→Δ −3α .                         (20) 
In the case of a double aperture α=2 the detuning decreases by 
a factor 8. 
Scenario 3: the increase by a factor α in the quadrupole 
aperture is associated to an increase δ in the beta function 




δ ,                        (21) 
the condition of invariance reads 
 23 δα = .                               (22) 
For instance, doubling the aperture α=2 one can still increase 
the β function by a factor δ=2√2∼2.8 (compared to the factor 
















Fig. 12: Beam location in the IR quadrupole at βmax, doubling the quadrupole 
aperture and keeping β∗=55 cm. 
 
B. Aberrations proportional to field derivatives 
Let us consider a more general case, i.e. the dynamics in the 
transverse phase space induced by a multipolar kick in the 
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l .        (24) 
Using (11) and (12), one finds that the scaling in the aperture 
induces the following scaling: 
lll nnnn KKK −=→ α .                        (25) 
We then rewrite the one turn map in terms of the Courant-

































































βlR ,                 (27) 
where R is a rotation matrix. In the hypothesis (15), the 

































K βαηβ           (28) 
whereas if the larger aperture is not used for the beam one has 
































K βαβ           (29) 
If the quadrupole aperture is increased by α and the beta 
function by δ, in order to keep the same nonlinear term of 

















.                          (31) 
For high orders the relation tends to δ=α2, i.e. doubling the 
aperture α=2 one can multiply the beta function by a factor 
δ=4. The lowest order term with n=2 gives δ=α4/3 and  
therefore the term is preserved if a double aperture is 
associated to a increase of the β function of a factor 
δ=24/3∼2.5. One concludes that one can still increase the beta 
functions but keeping the same aberrations. 
C. Detuning induced by sextupoles 
To have a hint on what happens to the higher order 
aberrations, we consider the first order tuneshift due to the 
second order in the sextupole 
21
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2 )()( dsdsKdsdsK ∫ ∫∫ ∫ −→ α ,            (34) 
and for the scenario 1, one has  
QQQ Δ=Δ→Δ 26αη                            (35) 
i.e. a doubling of the aperture increases the second order 
tuneshift due to sextupoles of a factor ∼12. Therefore, the 
increase of the higher order terms is more important with 
respect to the previous case. On the other hand, for the 
scenario 2 one finds a larger reduction 
QQQ Δ=Δ→Δ −4α .                           (36) 
i.e. a factor 16 improvement for a double aperture. A rescaling 
of the aperture by α and of the beta function by δ gives 
QQQ Δ=Δ→Δ − 34δα                         (37) 
i.e. if α=2 and δ=24/3 as in the previous scenario 3, also the 
second order is preserved. 
Summarizing, an increase of the quadrupole aperture which 
is totally used to increase the beam size (scenario 1) produces 
significantly higher aberrations. On the other hand, if the 
larger aperture is associated to the same beam size (scenario 
2), and is used for additional shielding or for improving 
collimation, the resulting aberrations are significantly lower. 
An increase of the beam size that does not fully exploit the 
larger aperture but keeping the same geometric aberrations 
can be worked out (scenario 3).  
V. CONCLUSIONS 
A scheme for the upgrade on the LHC low-β insertions is 
based on large aperture superconducting quadrupoles: in this 
work we aimed at finding scaling laws for evaluating the 
expected field quality and the impact on the beam dynamics in 
the collision optics. We analyzed data relative to the 
production of the LHC and RHIC quadrupoles, showing how 
to derive from the magnetic measurements the reproducibility 
of coil positioning reached in the manufacturing process. 
Processed data support the hypothesis that the coil positioning 
is independent of the size of the magnet aperture. Using this 
hypothesis, we proved that if the reference radius is fixed at 
1/3 of the coil aperture, the multipoles are inversely 
proportional to the aperture size (see Eq. 6 and 12).  
We used these scaling laws to derive the impact of large 
aperture low-β insertions on geometric aberrations: if all the 
aperture is used to house a larger beam, notwithstanding the 
field quality improvement geometric aberrations grow at least 
proportionally to the aperture (scenario 1, see Eq. 17 and 28). 
On the other hand, if the beam size remains constant, the 
aberrations will rapidly decrease with a power of the inverse 
of the aperture size (scenario 2, see Eq. 18 and 29). 
We showed that one can find a solution keeping the same 
geometric aberrations but still increasing the beta function. 
For instance, doubling the aperture in the LHC insertion 
quadrupole would allow in principle a higher β function by a 
factor 6: this option would lead to much higher geometric 
aberrations, which could limit the machine performances. On 
the other hand, an increase of the beta function by a factor 2.5 
would preserve the aberrations proportional to b3 and to (b3)2, 
and would reduce the aberrations proportional to the higher 
order multipoles.  
VI. ACKNOWLEDGEMENTS 
We wish to thank L. Bottura, N. Catalan-Lasheras, P. 
Hagen, G. Kirby, R. Ostojic, F. Simon, S. Sanfilippo, W. 
Venturini-Delsolaro, the American and the Japanese teams of 
the LHC MQXA and MQXB, and the RHIC magnet group for 
providing the magnetic measurements data. We wish to 
 7
acknowledge R. Gupta, L. Rossi, T. Tortschanoff and R. Wolf 
for useful discussions and comments. 
REFERENCES 
[1] AA. VV. “LHC Design Report“, CERN 2004-003 (2004). 
[2] Y. Ajima et al., “The MQXA quadrupoles for the LHC low-beta 
insertions“, Nucl. Instrum. Meth. A550 (2005) 499-513. 
[3] R. Bossert, et al., “Construction experience with MQXB quadrupole 
magnets built at Fermilab for the LHC interaction regions “,IEEE Trans. 
Appl. Supercond. 13 (2003) 1297-300. 
[4] O. Bruning, et.al., “LHC Luminosity and energy upgrade: a feasibility 
study”, LHC Project Report 626 (2002). 
[5] T. Sen, et al., “Beam physics issues for a possible 2nd generation LHC 
IR“, European Particle Accelerator Conference (2002) 371-3. 
[6] J. Strait, et al., “Towards a new LHC interaction region design for a 
luminosity upgrade“, Particle Accelerator Conference (2003) 42-5. 
[7] F. Ruggiero, et al., “ Performance Limits and IR Design of a Possible 
LHC Luminosity Upgrade Based on Nb-Ti SC Magnet Technology“ 
European Particle Accelerator Conference (2004) 608-10. 
[8] R. Ostojic, et al., “Low-β quadrupole designs for the LHC luminosity 
upgrade“, Particle Accelerator Conference (2005) 2795-7. 
[9] S. Gourlay, et at, “Magnet R&D for the US LHC Accelerator Research 
Program (LARP)”, IEEE Trans. Appl. Supercond. 16 (2006) 324-7. 
[10] R. De Maria, O. Bruning, “A Low Gradient Triplet Quadrupole Layout 
Compatible with NbTi Magnet Technology and β*=0.25 cm”, European 
Particle Accelerator Conference (2006) 574-6. 
[11] J.P. Koutchouk, “Investigations of the Parameter Space for the LHC 
Luminosity Upgrade”, LHC Project Report 973 (2006). 
[12] R. De Maria, CARE proceedings, Valencia (2006). 
[13] E. Todesco, J.P. Koutchouk, “Scaling laws for beta* in the LHC 
interaction regions”, CARE proceedings, Valencia (2006). 
[14] R. Assman, CARE proceedings, Valencia (2006). 
[15] M. Anerella et al., “The RHIC magnet system“, Nucl. Instrum. Meth. 
A499 (2003) 280-315. 
[16] J. Herrera et al., “Random errors in the magnetic field coefficients of 
superconducting magnets“,.Particle Accelerator Conference (1985) 
3689-91. 
[17] R. Gupta, “Estimating and adjusting field quality in superconducting 
magnets”, Part. Accel. 55 (1996) 129-39. 
[18] W. Scandale, E. Todesco, R. Wolf, “Random errors induced in the 
superconducting windings in the LHC dipoles”, IEEE Trans. Appl. 
Supercond. 10 (2000) 93-7. 
[19] P. Ferracin, W. Scandale, E. Todesco, R. Wolf, “Modelling of random 
geometric errors in superconducting magnets with applications to the 
Large Hadron Collider”, Phys. Rev. STAB 3 (2000) 122403. 
[20] B. Bellesia, C. Santoni, E. Todesco, “Random errors in superconducting 
dipoles”, Tenth European Particle Accelerator Conference (2006). 
[21] L. Rossi, E. Todesco, “Electromegnetic design of superconducting 
quadrupoles”, Phys. Rev. STAB 9 (2006) 102401. 
[22] A. Bazzani, E. Todesco, G. Turchetti, G. Servizi, “A normal form 
approach to the theory of nonlinear betatronic motion”, CERN Yellow 
Report 94-02 (1994) chapters 1-2, and pp. 154-6. 
 
